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1 2 3 4 5 6 7 8 9 10 11 12 13
smax H G WBG WDH BG DH BG DH BG DH 1203
mws mws nb nb red red red
(7) 40 3 230 209 209 89.1 25.4 16.4 20.9 90.5 18.5 106.0
(8) 4 5 14 22 17 2.0 1.3 2.1 1.1 0.2 0.2 0.3
(9) 4 8 46 590 410 54.2 29.6 16.2 3.8 78.8 18.2 2.3
(10) 6 26 200 164 164 7.9 5.1 4.6 2.0 3.0 2.8 8.2
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ω1
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2
1) +
ω2
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(p22 + q
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1q2, !C"
H(q, p) =
3∑
ν=1
ων
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(p2ν + q
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ν) + αq1q
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3 + βq2q
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ν=1
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1 + q
2
4)(q
2
2 + q
2
3), ων = 1. !;="
 )1/ !<"W!;="# a# α# β# F # ω# γ W , )1  )1/ !C"
 !H"# ω1# ω2  ω3 411 .#    ∃bν ∈ Z#
∑n
ν=1 ωνbν = 0 
  4  ?*$ ;# 1- .*- 4   .* 11 
 4- )1 1) H(s), s ≥ 3 / 1*&
H   N1# 4 . ων   411/ )1  )1/ !C"#
!H"# ) M  -1 41 411/ . ων = 1  )1/ !<"#
!;="# 4.*& *. 1- .*-# )*&  )10./
*?./ 0-/ 0- $*& ?  )*1*&1
41*-1 P11# .  N/ 0 ?* N55
)*--  1 X~LX~JK~ 
*1 4*. - o@p# *4   )16
1 ~yJ  1 I{K# )?4 *.M 1*&M 56
1  1)*/ )1/ zk = 1√2 (ηk + iξk)# z
∗
k =
1√
2
(ηk − iξk)  )1,&M
,	-.	   $	& /	  " @;
) *-
zmk z
∗n
k −→
1
2m
m∑
l=0
m!
l!(m− l)! aˆ
+l
k aˆ
n
k aˆ
+m−l
k , !;;"
 M 1*&M 51
Γˆ(a+, a) =
smax∑
s=2
Γˆ(s)(a+, a), !;D"
 1/ ) a, a+, [ak, a+l ] = δkl   )1,&M )11
~yJ ) Γˆ )*&4- *- 7- 4.  ? 4.6
-
Γˆ(a+, a)|λ〉 = λ(E)|λ〉. !;@"
 )*. 1*& 51 4  7- 10 .6
1A * . ων 411#   7-
∑n
ν=1 ων(mν− lν) = 0 )*6
-M- *& ) mν = lν # ν = 1, 2, ..., n#  1*& 1 n 41/
* 0- Iν = (ξ2ν+η
2
ν)/2    M, 6
 ) Γˆ )1 *&  G = Γˆ|k1, k2, ..., kn〉 = γ|k1, k2, ..., kn〉
 *- 7- 4.  ? 4.- !;@" . 7& 6
 γ = λ(E)  N1 ?- 5$- 4. )  ?
5$ |k1, k2, ...kn〉 ) Γˆ(2) * . ων # r 6 411 ∃bkν ∈ Z#∑
ν ωνbkν = 0# k = 1, ..., r#  n− r *. Iν =
∑
ν asν(ξ
2
ν + η
2
ν)/2# s = 1, ..., n− r#
-*-M- *1 0-#  asν )*-M- 4 1 ∑
ν asνbkν = 0# k = 1, ..., r#   ) 1*& 51  ?4 n6
1 1. $**- G  )1 *&  ?,
/1 7- 4.  ? 4.- !;@"  *&1 )*6
 1  *11 .*- )?*0/ * 0- 
 oEp 
 . )1 11 1*& 1 1  !n =
2"  4-1 Za  N*.1 )* * .. 4- Zb ) 56
1 4. E < 0
H =
1
2
(p21 + p
2
2 + q
2
1 + q
2
2) +
Zb(−2E)−3/2
2R2
(q41 − q42) (2)+
− Zb(−2E)
−2
4R3
(q21 + q
2
2)(q
4
2 − 4q21q22 + q41) + ...,
 ε = R−1  16 *. ?- -M 10 4-1 Za  Zb  6
4*& )*- *1 ; ?* )*. +8 !D" ) smax = 8  .*
. )-   *M 1 *& )  */
.*
Γ(2) =
1
2
(η21 + η
2
2 + ξ
2
1 + ξ
2
2), (20+
Γ(4) =
3Zb(−2E)−3/2
16R2
((η21 + ξ
2
1)
2 − (η22 + ξ22)2).
@D 		'	  	 $    &'  #& 
)*&4- *1 B# 1  1*& 51  ?M
5$M 261 1. $**- !|k1, k2〉"A
G = Γ|k1, k2〉 = (a+1 a1 + a+2 a2 + 1)|k1, k2〉
− 3Zb(−2E)
−3/2
4R2
(a+1
2a21 + 2a
+
1 a1 − a+2 2a22 − 2a+2 a2)|k1, k2〉+ ...
= (k1 + k2 + 1)|k1, k2〉 − 3Zb(−2E)
−3/2
4R2
(k1 + k2 + 1)(k1 − k2)|k1, k2〉
− 3Zb(−2E)
−2
8R3
(k1 + k2 + 1)
√
(k21 − k1)(k22 + 3k2 + 2)|k1 − 2, k2 + 2〉
− 3Zb(−2E)
−2
8R3
(k1 + k2 + 1)
√
(k21 + 3k1 + 2)(k22 − k2)|k1 + 2, k2 − 2〉+ ....

*- 7- 4.  ? 4.- !;@" )1   - 6
 G ) 1*& 51 Γˆ   |k1, k2〉
G = (k1 + k2 + 1)|k1, k2〉+
jm∑
j=1
R−j
j−1∑
a=−j+1
f
(j)
k1+a,k2−a|k1 + a, k2 − a〉, !;F"
 0 1 ? 
|λ〉 =
jm−1∑
j=0
R−j
j−1∑
a=−j+1
b
(j)
k1+a,k2−a|k1 + a, k2 − a〉 !;<"
 )*& )1
λ(E) =
jm∑
j=0
R−jλ(j). !;C"

*- /0- N55$ b
(j)
k1+a,k2−a  λ
(j)
4*0 !;<"  !;C"  1*1
)11 ε = R−1 )1-- 51 *1 7- 4.  ?6
 4.- !;@"   1 / *?./ 
oDpA
f
(j)
k1,k2
= 0→ λ(j), !;H"
f
(j)
k1+a,k2−a = 0 → b
(j−2)
k1+a,k2−a, a = 0
 .*&1 *-1
b
(0)
k1,k2
= 1, b(0)k1+a,k2−a = 0, a = 0 λ(0) = k1 + k2 + 1. !D="
4*. ) En,d 1   )* * ..
4-# 1 4 *?. -
 
λ(En,d) = Za
√
−2/En,d,
 
+,  -./0 12 3 24/ 	1 .		5 k1, k2
,	-.	   $	& /	  " @@
 n = (k1 + k2)/2 + 1/2# d = (k1 − k2)/2#  )1,&M  $
)$A
En,d = − Z
2
a
2n2
+
3Zb
2ZaR2
nd +
n2Zb
2Z2aR3
(n2 − 6d2 − 1 + δ(3)1 ) !D;"
− n
3dZb
64Z3aR4
(156n2 − 436d2 − 227 + δ(4)1 )−
n4Z2b
64Z4aR4
(68n2 − 12d2 + 85 + δ(4)2 ) + ....
P& N55$ δ
(j)
i ≡ 0 )# )*-1 11 1/.6
  41, oDp# *.-  4*. ) !D;" *&
M,1 4.-1 δ
(j)
i #  . δ
(3)
1 = δ
(4)
1 = 0# δ
(4)
2 = −18 *6
 1- .  )1 !smax = 10"  1)&M K6@ F==XLn ;DCXx#
J{z HC  1 X~ *- H=  
K "=54B& 5('U%2"%< 2%5(45( V"#C "< %'4(C(5E
= 5(%< T5%=%5( 11 4. 7 *- $
- 2  1*&1 H(x, t)# )M, 1 1
 71 )*#  * 1 t ∈ [t0, T ] *- .*& -- ψ0(x)A
i
∂ψ(x, t)
∂t
= H(x, t)ψ(x, t), ||ψ||2 =
∫
|ψ(x, t)|2dx = 1, ψ(x, t0) = ψ0(x), !DD"
ψ(x, t) ∈W12(Rn ⊗ [t0, T ]), ψ0(x) ∈W12(Rn).
11 4.  1  ) 1 )1 t
Ωτ [t0, T ] = {t0, tk+1 = tk + τ, tK = T } !D@"
 71 τ = tk+1− tk# (k = 0, 1, ...K) 7 4. ψ(tk+1) ≡ ψ(x, tk+1)  k+16
1 * )*-- .4 7 ψ(tk)  ),1 k61 *  )1,&M
) N*M$ U(tk+1, tk, λ)#  )1  A
ψ(tk+1) = U(tk+1, tk, λ)ψ(tk), U(tk+1, tk, λ) = exp{−ıτAk(tk+1, λ)}. !DB"
) 0M-   -
Ak(t, λ)=
1
τ
∞∑
j=1
λjA(j)k(t, λ), Ak(tk, λ) = 0, !DE"
) )-1 51*& )1 λ 
* .*- 4/ ) A(j)(t) ≡ A(j)k(t, λ)# ) *1
;# )1 0# N )1 )*- 1 $ !λ = 1" 
*1 ;A
 b ?) ) A(j)(t) .*-M- 4 ) 0
−ıλH(t) =
∞∑
n=1
∞∑
q=0
∞∑
l1,...,lq=1
λn+Σ
q
i=1li(adA(l1)(t))...(adA(lq)(t))
.
A(n) (t)
(q + 1)!
, !DF"
P& * ) (adA) : L(X)→ L(X) )* *- ) A,B ∈
L(X)   (adA)B = [A,B] ≡ AB−BA  1 *M, A (adA)0B =
@B 		'	  	 $    &'  #& 
B, (adA)jB = (adA)j−1(adA)B; .  )1 A(n)(t) ?4. .-
)4-
.
A(n) (t) = ∂tA(n)(t) ) 1 )1  11 1 t 
 b G) )- N55$ ) / )-/ )1
λ  *  ) .-/ ) 0 !DF" )*.1 M
1 55$*&/  ) )-A
ıH(t)+
.
A(1) (t) = 0, !D<"
1/2(adA(1)(t))
.
A(1) (t)+
.
A(2) (t) = 0, ... .
 b K) ,- 7 1 !D<" *& 4/ )
A(i)(t), i = 1, 2, ..., 2M  
 b L) )*--  ) A(i)(t), i = 1, 2, ..., 2M  46
*0 !DE"# /1 1 N55 ) Ak ≡ Ak(tk+1, λ = 1)#
4-, -  1 )1 t  ?).M, )/  k6
1 *-  k +161 11# . N ) -4  41 6
1*&1 H(t)# 4-,1  1 )1 t# 4*01 '
Ak =
1
τ
tk+1∫
tk
dtH(t) +
ı
2τ
tk+1∫
tk
dt′
t′∫
tk
dt′′(adH(t′′))H(t′) + · · · . !DC"
 ))*0# . ) H(t) ≡ H(x, t) 4 *  t# .
.&- .1 .*1 .* L = 2M 4*0- !DC" *- # .6
? )*.& ))1$M  ) N*M$ !DB"  .&M
)- O(τ2M+1)#   !D@"  71 τ
U (M)(tk+1, tk; τ) = exp(−ıτA(M)k (tk+1)) A(M)k (t, λ)=
ı
τ
2M∑
j=1
λjA(j)k(t, λ).!DH"
 b P) )*&4- 4*0  * ) H(tc)   .6
 t = tc ≡ tk + τ/2
H(t) =
∞∑
j=0
(t− tc)j
j!
∂jtH(tc) !@="
 .*-- *  !DC"# )*.1 0- *- ) A
(M)
k (tk+1) 
 b W) 51- . ? ) A
(M)
k ≡ A(M)k (tk+1) 
*.1   *. M = 1 N55$ A(1)k 1  0 # . 
 /1 6*A
A
(1)
k =
1∫
0
dξH(tk + ξτ) = H(tk +
τ
2
) + O(τ2).
 M ≥ 2 *4$- /1 !DB"W!@=" )  141 .*-1 
N1 $- ? ) A
(M)
k # ?/1 *- ))1$
,	-.	   $	& /	  " @E
!DH"  ?1 .&M O(τ2M+1)# )*-- *11 ;# *41
 1 X~  )*1  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lim
η→±1
(1 − η2)∂Ψ(r, η)
∂η
= 0, * m = 0; Ψ(r,±1) = 0, * m = 0; !BD"
∂Ψ(r, 0)
∂η
= 0, * σ = +1; Ψ(r, 0) = 0, * σ = −1; lim
r→0
r2
∂Ψ(r, η)
∂r
= 0.
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r→∞ r
2Ψ(r, η) = 0 → Ψ(rmax, η) = 0. !B@"
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∫ 1
−1
r2|Ψ(r, η)|2drdη = 1. !BB"
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∂Ψ(r, η)
∂r
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Ψmσi (r, η) =
jmax∑
j=1
Φmσj (η; r)χ
(i)
j (r). !BF"
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Aˆ(0)(r, η)Φj(η; r) = Ej(r)Φj(η; r),
∫ 1
−1
Φi(η; r)Φj(η; r)dη = δij . !B<"
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−I 1
r2
d
dr
r2
d
dr
+
U(r)
r2
+ Q(r)
d
dr
+
1
r2
dr2Q(r)
dr
)
χ(i)(r) = i Iχ(i)(r), !BC"
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jmaxA
Uij(r)=
Ei(r)+Ej(r)−4Zr
2
δij+r2Hij(r),
Hij(r)=
∫ 1
−1
∂Φi(η; r)
∂r
∂Φj(η; r)
∂r
dη=Hji(r), !BH"
Qij(r)=−
∫ 1
−1
Φi(η; r)
∂Φj(η; r)
∂r
dη=−Qji(r).
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r → 0A
lim
r→0
r2
(
dχ(i)(r)
dr
−Q(r)χ(i)(r)
)
= 0. !E="
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lim
r→∞ r
2χ(i)(r) = 0 → χ(i)(rmax) = 0, !E;"
 *-1 1∫ rmax
0
r2(χ(i)(r))Tχ(j)(r)dr = δij . !ED"
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